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QUASICONFORMAL GROUPS, PATTERSON-SULLIVAN
THEORY, AND LOCAL ANALYSIS OF LIMIT SETS

PETRA BONFERT-TAYLOR AND EDWARD C. TAYLOR

Abstract. We extend the part of Patterson-Sullivan theory to discrete qua-
siconformal groups that relates the exponent of convergence of the Poincaré
series to the Hausdorff dimension of the limit set. In doing so we define new
bi-Lipschitz invariants that localize both the exponent of convergence and the
Hausdorff dimension. We find these invariants help to expose and explain the
discrepancy between the conformal and quasiconformal setting of Patterson-
Sullivan theory.

1. Introduction

Let G be a quasiconformal Fuchsian group, namely a discrete group of uniformly
K-quasiconformal mappings, each of which preserves the closed unit ball Bn. In
this paper we explore the connections between the discrete action of the group on
Sn−1 = ∂Bn and its discontinuous action on Bn. Our techniques involve analyzing
the relationship between the asymptotic rate of accumulation of orbit points, as
measured via the exponent of convergence δ(G) of the Poincaré series of the group,
and the Hausdorff dimension of the limit set L(G) ⊂ Sn−1.

In the setting of Kleinian groups, i.e., those quasiconformal Fuchsian groups
consisting entirely of Möbius transformations, there is a well-developed theory that
connects the geometric action of the group on hyperbolic space (Bn, ρ) to its con-
formal action on the sphere at infinity. If Γ is a Kleinian group with more than two
limit points in its limit set, then it is a result (separately) of Patterson, Sullivan,
and Bishop and Jones that the exponent of convergence of the Poincaré series equals
the Hausdorff dimension of a dense subset of the limit set. In the case where Γ is
convex co-compact, the Patterson-Sullivan proof is as follows: One first shows the
existence of a finite and positive measure that is supported on the limit set, that
scales correctly under the group action, and that behaves locally like the Hausdorff
measure of dimension δ(Γ). One then uses the ergodic properties of the isometric
action of the group to conclude that this measure is in fact a constant multiple of
the Hausdorff measure.

A quasiconformal Fuchsian group (not Kleinian), while acting discontinuously
on Bn, no longer acts isometrically on (Bn, ρ). Our goal is to explore how much
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of Patterson-Sullivan theory remains valid in this setting. Somewhat surprisingly,
we recover a fair amount of the original theory. Some of our principle results are
summarized below:

Results: Let G be a discrete non-elementary quasiconformal Fuchsian group acting
on Bn.

(1) For each x ∈ Bn, the Patterson-Sullivan construction yields a measure class
of finite and positive measures with support in the limit set (Theorem 4.3).

(2) Crucially, these measures do not typically satisfy a certain transformation
property characteristic of Patterson-Sullivan measures supported on the
limit sets of Kleinian groups. Conversely, we show that this transformation
property supplies a sufficient condition for quasiconformal Fuchsian groups
to be Kleinian (Theorem 5.1).

(3) The support of each measure in the measure class is typically a proper subset
of the limit set (Theorem 7.1). To isolate the support, one “localizes” the
definition of the exponent of convergence. We find that the support is con-
tained in the set on which the local exponent of convergence is maximized.
We also show that these new invariants are local bi-Lipschitz invariants
in the Euclidean metric (Theorem 6.10). The usefulness of this observa-
tion is that every element of a quasiconformal Fuchsian group is almost
everywhere locally bi-Lipschitz (whereas Möbius transformations are every-
where bi-Lipschitz ). This helps to reveal (see Example 8.1) how Patterson-
Sullivan theory in the quasiconformal setting differs in other ways as well
from the theory in the Möbius setting.

(4) We show that the local exponent of convergence is an upper bound on the
local Hausdorff dimension of the conical limit set (Theorem 6.7). Thus
we will be able to recover dim(Lc(G)) ≤ δ(G) (Theorem 6.8). We pro-
vide an example of a quasiconformal Fuchsian group having a finite-sided
fundamental polyhedron such that dim(Lc(G)) < δ(G), and G’s Patterson-
Sullivan measures have atoms (Example 8.1).

(5) We provide sufficient geometric conditions for a quasiconformal action on
Bn so that dim(Lc(G)) = δ(G) (Theorem 9.1). Under the same assump-
tions, we show that the localized quantities are similarly well-behaved.

We proceed as follows: Section 2 contains useful facts from the theory of qua-
siconformal groups. In Section 3 we provide some basic results on the exponent
of convergence. In Section 4 we outline the Patterson-Sullivan construction in the
quasiconformal setting. In Section 5 we analyze the transformation property char-
acteristic of Patterson-Sullivan measures supported on the limit sets of Kleinian
groups. In Section 6 we define the tools necessary in the local analysis of limit sets
of quasiconformal groups and prove some of their fundamental properties. Section 7
contains the result that shows that the Patterson-Sullivan measure is supported on
the subset of the limit set where the local exponent is maximal. Finally, in Section 8
we build examples, and in Section 9 we give a sufficient condition on the behavior
of Patterson-Sullivan measure under the action of the group so that the Hausdorff
dimension of the conical limit set equals the exponent of convergence.
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2. Quasiconformal Group Basics

A K-quasiconformal group G acting on Rn is a group of mappings, each of
which is a K-quasiconformal homeomorphism of Rn. Such a group G is discrete
if there exists no sequence of elements in the group that converges uniformly on
Rn to the identity mapping. Here, Rn = Rn ∪ {∞} is endowed with the chordal
metric. We note that a discrete 1-quasiconformal group is a discrete group of
Möbius transformations, i.e., a Kleinian group ([28]).

The action of a discrete group G partitions Rn into two disjoint sets. The regular
set Ω(G) ⊂ Rn is the largest open set on which G acts discontinuously; the limit set
L(G) is the complement of Ω(G) in Rn. It is easy to see that L(G) is a closed set;
in the case where L(G) contains more than 2 points, then L(G) is a perfect set (and
thus uncountable), that is, either nowhere dense or all of Rn. If L(G) is perfect,
then G is called non-elementary. For the basics in the theory of quasiconformal
groups see [8]; for discrete Möbius groups (K=1) see [14].

Because we wish to use geometric arguments involving the hyperbolic metric,
we will only consider those K-quasiconformal groups acting on Rn that preserve
the unit ball Bn. We call such a group G a quasiconformal Fuchsian group, and we
label such a G by the symbol “QCF”. One way of constructing a QCF group is to
conjugate a Kleinian group keeping Bn invariant by a quasiconformal mapping that
preserves Bn as well. Not all QCF groups are constructed this way in dimensions
n ≥ 3 (see for example [10], [15] for the case n = 3 and [12], [23] for the general
case). If G is a QCF group, then ∂Bn is also invariant under G, and if G is discrete,
in addition, then it acts discontinuously in Bn, and L(G) ⊂ ∂Sn−1 by Corollary 3.8
in [8]. Note that L(G) is the set of accumulation points (in the chordal metric) of
the orbit of any point y ∈ Bn.

Most of our analysis on the limit set consists of working with a geometrically
well-behaved dense subset of the limit set. Let G be a discrete QCF group. The
conical limit set Lc(G) is the set of points ζ ∈ L(G) with the following property:
there exists an infinite sequence of elements {gk ∈ G} and a point z0 ∈ Bn so that
{gk(z0)} converges to ζ within a bounded hyperbolic cone about a geodesic ray
ending on ζ. We recall that there is a special class of finitely generated Kleinian
groups for which the analytic and geometric theory is most complete. We say that a
Kleinian group is geometrically finite if its limit set consists entirely of conical limit
points and bounded parabolic limit points (see [6]). Such a geometrically finite
group is convex co-compact if its limit set consists only of conical limit points.

3. The Exponent of Convergence

In this section we recall basic definitions and results concerning the exponent of
convergence of the Poincaré series of a discrete QCF group. Fix a discrete QCF
group G acting on Bn. For a fixed positive real number s, and a choice of point
(x, y) ∈ Bn × Bn, the Poincaré series is given by

Σ(s, x, y) =
∑
g∈G

e−sρ(x,g(y)).

The exponent of convergence is defined to be

δ(G) = inf{s > 0 |Σ(s, x, y) <∞}
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and does not depend on the choice of (x, y) ∈ Bn × Bn as stated in the lemma
below. One has various ways of calculating the exponent of convergence; the choice
depends on which class of groups one is considering. For our future use, we record
the following result (Proposition 2.2 in [5]).

Lemma 3.1. Let G be a discrete QCF group acting on Bn. Then for all x, y ∈ Bn,

δ(G) = inf
s
{Σ(s, x, y) <∞} = inf

s
{Σ(s, 0, 0) <∞}

= inf
s
{
∑
g∈G

(1 − |g(x)|)s <∞} = inf
s
{
∑
g∈G

(1 − |g(0)|)s <∞}.

There is a well-established upper bound on the exponent of convergence.

Theorem 3.2 (Gehring-Martin [9]). Let G be a discrete QCF group acting on Bn.
Then δ(G) ≤ n− 1.

We note that for Kleinian groups, Sullivan [22], and separately Tukia [24], pro-
vided an important refinement to the above by showing that a geometrically finite
Kleinian group acting on Bn and with nonempty regular set has an exponent of
convergence that is strictly less than n− 1. We have recently extended this result
to QCF groups having purely conical limit sets (see [1]).

For a non-elementary QCF group G, we can refine the trivial lower bound.

Theorem 3.3. Let G be a non-elementary discrete QCF group acting on Bn. Then
δ(G) > 0.

To show this lower bound, we need the next two results.

Theorem 3.4 (Theorem 3.3 in [5]). Let G and G̃ be two discrete QCF groups
acting on Bn which agree on Sn−1, i.e., there exists an isomorphism ϕ : G → G̃
such that g|Sn−1 = ϕ(g)|Sn−1 for all g ∈ G. Then δ(G) = δ(G̃).

The following result of G. Martin [13] shows that, even if a discrete QCF group is
not itself conjugate to any Kleinian group, we can find a non-elementary subgroup
that is.

Lemma 3.5. For any non-elementary quasiconformal group G acting on Rn (n ∈
N, n 6= 4) there exists a non-elementary subgroup H that is quasiconformally (qua-
sisymmetrically when n = 1) conjugate to a Kleinian group Γ.

Proof of Lemma 3.5. When n ≤ 2 the entire group G is quasiconformally (qua-
sisymmetrically) conjugate to a Kleinian group [21], [25]. Thus we may now assume
that n ≥ 3.

Because G is non-elementary, there exists a free rank 2, purely loxodromic sub-
group H of G that has nonempty regular set. Thus L(H) is a Cantor set, Ω(H)
is simply connected (n ≥ 3), and Ω(H)/H is compact. Via a result of Freedman-
Skora [7] we observe that Ω(H)/H is topologically equivalent to a connected sum
of two copies of Sn−1 × S1.

Note that Ω(H)/H inherits a quasiconformal topological structure from the ac-
tion of H ⊂ G. Sullivan [19] shows that this structure is unique up to quasiconfor-
mal conjugacy (n 6= 4). It is easy to see that for any 2-generator classical (Kleinian)
Schottky group Γ, the quotient Ω(Γ)/Γ is also homeomorphic to a connected sum
of two copies of Sn−1 × S1, and thus by the above-mentioned result of Sullivan,
there exists a quasiconformal mapping f : Ω(H) → Ω(Γ) that conjugates H to Γ.
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The mapping f extends to a quasiconformal mapping f : Rn → Rn preserving the
conjugacy. �
Remark 3.6. The argument in the proof of Lemma 3.5 works for any finite choice
of rank.

We now finish the proof of Theorem 3.3.

Proof of Theorem 3.3. First, let n 6= 5. Because G is a QCF group acting on Bn,
the sphere Sn−1 ∼= Rn−1 is invariant under G, and we restrict our attention to
this sphere for now. Note that since n 6= 5, the dimension of the sphere is not
equal to 4, and we can thus apply Lemma 3.5. Hence there exists a non-elementary
subgroup H of G acting on Sn−1 that is quasiconformally conjugate (via a map
ϕ : Sn−1 → Sn−1) to a Kleinian group Γ on Sn−1. The Kleinian group is a non-
elementary Schottky group, and therefore δ(Γ) > 0. Extending Γ and ϕ to Bn

we define a QCF group H̃ := ϕΓϕ−1 on Bn that agrees with H on Sn−1. Thus
δ(H) = δ(H̃) (Theorem 3.4), and using the Hölder continuity of ϕ, we observe that
δ(H̃) > 0.

Now let n = 5. Extend the group G via reflection to a quasiconformal group
acting on Rn. Using Lemma 3.5 we can find a non-elementary subgroup H of
G acting on Rn that is quasiconformally conjugate to a Kleinian group Γ on Rn.
Since both Γ and the conjugating map extend to Hn+1, we can also extend H to a
quasiconformal group H̃ acting on Hn+1. It is easy to see that δ(H̃) (computed in
Hn+1) equals δ(H) (computed in Bn). Since Γ is a non-elementary Schottky group,
we have δ(Γ) > 0, and again using Hölder continuity of the conjugating map we
obtain δ(H̃) > 0 and so δ(H) > 0. �

Our purpose in this paper is to explore the relationship between the exponent of
convergence and the Hausdorff dimension of the limit set of a QCF group. In the
setting of Kleinian groups, there is a deep connection between Hausdorff dimension
and the exponent of convergence.

Theorem 3.7. Let Γ be a non-elementary Kleinian group.
(1) If Γ is geometrically finite, then δ(Γ) = dim(L(Γ)) [17], [20].
(2) Without additional assumptions, we have that δ(Γ) = dim(Lc(Γ)) [3].

As we will show, the theory is not so concise in the setting of QCF groups. As
our point of departure we note the following general result (see Theorem 2.7 in [5]):

Theorem 3.8. Let G be a discrete QCF group. Then dim(Lc(G)) ≤ δ(G).

In particular, there are examples of QCF groups G that arise as quasiconformal
conjugates of geometrically finite Kleinian groups, so that dim(Lc(G)) < δ(G) (see
Example 8.1).

4. The Construction of a Patterson-Sullivan Measure

Let G be a discrete QCF group acting on Bn. We show that the Patterson-
Sullivan construction [20], [16] yields a measure µδ(G)

x,y (x, y ∈ Bn) supported on the
limit set of G. The following properties of Patterson-Sullivan measures remain true
as in the conformal case:

• The measure is wholly supported on (possibly a proper subset of) the limit
set L(G) of G; it is finite and positive there.
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• For any other choice of x′ ∈ Bn, the measures µδ(G)
x,y and µδ(G)

x′,y are absolutely
continuous with respect to each other.

Recall that for a Kleinian group Γ, the Patterson-Sullivan construction results
in a Γ-invariant function, called a Γ-invariant conformal density, from a space
of Riemannian metrics on Sn−1 to a space of positive finite measures on Sn−1. As
alluded to above, each resulting Patterson-Sullivan measure µδ(Γ)

x,y satisfies the above
two properties, as well as the following transformation rule for all γ ∈ Γ:

(4.1) γ ∗ µδ(Γ)
x,y = µ

δ(Γ)
γ−1(x),y,

where γ ∗ µδ(Γ)
x,y (A) = µ

δ(Γ)
x,y (γA).

Crucially, for a generic QCF group G, the measures µδ(G)
x,y do not satisfy this

transformation property: For g ∈ G, g∗µδ(G)
x,y (A) 6= µ

δ(G)
g−1(x),y(A) for “most sets” A.

This is to say that the Patterson-Sullivan construction does not build a G-invariant
conformal density on most discrete quasiconformal groups.

The construction of the Patterson-Sullivan measure for QCF groups is in all
essential respects the same as the construction for Kleinian groups. We will closely
follow the proof given by D. Sullivan in Section 1 of [20], with certain analytic
details provided in more detail.

Fix a discrete QCF group G acting on Bn. For ease of exposition, let δ = δ(G).
Following Sullivan [20], let s > δ and fix x, y ∈ Bn; define

µsx,y =
1

Σ(s, y, y)

∑
g∈G

e−sρ(x,g(y))δ(g(y)),

where δ(g(y)) is the Dirac measure supported on the orbit point g(y) ∈ Bn. Since
Σ(s, y, y) < ∞, it is easy to see that the mass of µsx,y is positive and finite, and
that the support of this measure is the closure of the collection of orbit points
G(y) = {

⋃
g∈G g(y)}.

Fix a sequence of exponents {si : si > δ} that is converging (from above) to δ,
where we may assume, without loss of generality, that si ≤ 2δ for all i. For now we
assume that Σ(δ, y, y) = ∞; we will construct the measure under this assumption
and then show how to handle the case that Σ(δ, y, y) <∞.

By the triangle inequality, we have that

e−sρ(x,y)Σ(s, y, y) ≤ Σ(s, x, y) ≤ esρ(x,y)Σ(s, y, y),

and so for each index i we have e−2δρ(x,y) < mass µsix,y < e2δρ(x,y). Thus for
each i, we can find a positive real number mi ∈ (e−2δρ(x,y), e2δρ(x,y)) so that
µ̂six,y = 1

mi
µsix,y is in the space M1(Bn) of probability measures on Bn. Let M =

{µ̂s1x,y , µ̂s2x,y , . . . , µ̂snx,y , . . .}, and let M be the closure of M in the weak topology
on M1(Bn). (For the basics on topologies on spaces of probability measures, see
Chapter 3 of [18].) Using Theorem 3.1.9 in [18] we can show that M is compact in
the weak topology.

Hence we can find a measure, denoted by µ̂δx,y, and a subsequence {µ̂sikx,y} ∈M so
that µ̂

sik
x,y → µ̂δx,y in the weak topology. Since the mi are uniformly bounded above

and below, we can find a subsequence of the subsequence, so that mik → m∞. Thus
we observe that {µsikx,y} converges to µδx,y = m∞ · µ̂δx,y.

Because of the assumption that Σ(δ, y, y) =∞, it is clear that the support of µsix,y
is swept off of G(y) in the limit as si → δ(G)+, and it is not hard to show that the
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support of µδx,y is in the limit set L(G) ([16], Theorem 3.3.2). It is a consequence
of weak convergence that µδx,y is finite and positive on L(G): the Euclidean closure
of the orbit G(y) is closed, and so we obtain a positive lower bound on the mass
of µδx,y from the uniform lower bounds on the masses of {µskx,y} (see [18], Theorem
3.1.5(iii)). For the upper bound, consider (in the Euclidean topology) a covering
of the limit set by open hemispheres in Bn. Here we recover an upper bound from
the uniform upper bounds on the masses of {µskx,y}. (See [18], Theorem 3.1.5(iv).)

We observe that if the series Σ(δ, y, y) converges, then the limit measure puts
mass on G(y); thus we need to “scale” the Poincaré series so that the resulting
limit measure has its support solely on the limit set. This scaling is accomplished
using an argument of Patterson given in [17]. Since G acts discontinuously on Bn
we can order all gj ∈ G so that ρ(x, gj(y)) ↗ ∞ as j → ∞. One can construct a
scaling function h : R+ → R+ (see Lemma 3.1.1 in [16] for the details) so that:

(1) The function h is piecewise continuous and increasing.
(2) The scaled Poincaré series

Σ∗(s, y, y) :=
∑
g∈G

h(eρ(x,g(y)))e−sρ(x,g(y))

converges for s < δ and diverges for s ≥ δ.
(3) For a fixed ε > 0, the function h satisfies the order relation

h(eρ(x,gj(y))) = O((eρ(x,gj(y)))ε).

One now defines analogously a new measure on G(y) for s > δ,

µsx,y =
1

Σ∗(s, y, y)

∑
g∈G

e−sρ(x,g(y))h(eρ(x,g(y)))δ(g(y))

and follows the procedure given above.
A question remains as to how the Patterson-Sullivan construction changes under

a different choice of basepoint. So we now establish the relationship between µδx,y
and µδx′,y, where x 6= x′. For (x, ζ) ∈ Bn×Sn−1, recall that the Poisson kernel is

given by P (x, ζ) = 1−|x|2
|x−ζ|2 .

Lemma 4.1. Fix two pairs of points (x, y), (x′, y) ∈ Bn × Bn, where x 6= x′. Then
the Radon-Nikodym derivative of µδx′,y with respect to µδx,y satisfies(

dµδx′,y
dµδx,y

)
(ζ) =

(
P (x′, ζ)
P (x, ζ)

)δ
for ζ ∈ Sn−1.

Proof of Lemma 4.1. We provide an outline of the proof encapsulating the essential
geometric ideas.

Since the Patterson-Sullivan measure is supported on a set in the limit set, we
need only consider a fixed ζ ∈ L(G). We wish to compare µsx′,y with µsx,y as s→ δ,
and thus we need an asymptotic expression for e−s(ρ(x

′,g(y))−ρ(x,g(y))), where g ∈ G
so that g(y) is arbitrarily close in the chordal metric to ζ. Using an identity from
hyperbolic trigonometry involving the hyperbolic sine (equation 7.2.4 in [2]), we
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observe that eρ(x
′,g(y)) is asymptotically 1

P (x′,ζ) , and likewise for eρ(x,g(y)). Thus we
have

e−s(ρ(x
′,g(y))−ρ(x,g(y))) ∼

(
P (x′, ζ)
P (x, ζ)

)s
.

Fix the two horospheres H ′ and H based at ζ and through x′, x respectively.
Then P (x′,ζ)

P (x,ζ) admits a nice geometric interpretation: it is the exponential of the
signed hyperbolic distance between H ′ and H .

Because Σ∗(s, y, y) → ∞ as s → δ+, we see that only the orbit points “near” ζ
need be considered.

To finish the proof of the lemma it only needs to be shown, for any sufficiently
small open neighborhood of ζ in the (Euclidean) subspace topology, that the ratio of

the measures µδx′,y to µδx,y is bounded (from above and below) in terms of
(
P (x′,ζ)
P (x,ζ)

)δ
.

(See Theorem 3.4.1 in [16].) �

Remark 4.2. As in the case of the scaling function h, Lemma 4.1 depends only on
the discontinuous action of G on Bn. It is the isometric action of a Kleinian group

Γ on (Bn, ρ) that allows one to interpret
(
P (x′,ζ)
P (x,ζ)

)δ
geometrically; it is from this

geometric interpretation that the transformation property (as given in equation
(4.1)) of Patterson-Sullivan measures is deduced. In Section 7 we will see that
typically, in the quasiconformal case, the Patterson-Sullivan measures are supported
on a proper subset of the limit set, and this implies that one cannot expect the
transformation property to hold in general. Moreover, in Section 5 we shall see
that, under some additional assumptions, the transformation property implies that
the QCF group is Kleinian.

We collect the results of the construction above in the following statement:

Theorem 4.3 (Patterson, Sullivan). Let G be a discrete QCF group acting on
Bn, and fix (x, y) ∈ Bn×Bn. Let δ = δ(G) be the exponent of convergence for the
Poincaré series of G. Then:

(1) For a choice of {si : si → δ+} there exists a Patterson-Sullivan measure
µδx,y which is the weak limit of a subsequence of {µsix,y}. The measure µδx,y
is wholly supported on the limit set L(G), and is finite and positive there.

(2) If x′ 6= x, then µδx,y is absolutely continuous with respect to µδx′,y, with the
Radon-Nikodym derivative being given as in Lemma 4.1.

5. The Transformation Property

We prove a measure-theoretic regularity result in this section: we show that
a non-elementary discrete QCF group acting on Bn whose associated Patterson-
Sullivan measures satisfy the transformation property is in fact a Kleinian group.

Theorem 5.1. Let G be a non-elementary discrete QCF group acting on Bn and
suppose that the Patterson-Sullivan measures associated to G satisfy the transfor-
mation property, i.e., there exists y ∈ Bn so that

(5.1) µδg−1(x),y = g ∗ µδx,y for all x ∈ Bn and all g ∈ G.

Then G is a Kleinian group.
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Proof of Theorem 5.1. Fix y ∈ Bn such that (5.1) holds for all x ∈ Bn and all
g ∈ G. Using Lemma 4.1, we then have for a measurable set E ⊂ L(G) and g ∈ G
that ∫

g(E)

µδ0,y(dζ) = g ∗ µδ0,y(E)

= µδg−1(0),y(E)

=
∫
E

(
P (g−1(0), ζ)
P (0, ζ)

)δ
µδ0,y(dζ).

By looking at limits of simple functions this implies that for a measurable function
ϕ on L(G) and g ∈ G we have the following transformation rule:

(5.2)
∫
g(E)

ϕ(ζ)µδ0,y(dζ) =
∫
E

ϕ(g(ζ))
(
P (g−1(0), ζ)
P (0, ζ)

)δ
µδ0,y(dζ).

Now let x ∈ Bn and g ∈ G. Then, using (5.2) we obtain that

µδx,y(g(E)) =
∫
g(E)

(
P (x, ζ)
P (0, ζ)

)δ
µδ0,y(dζ)

=
∫
E

(
P (x, g(ζ))
P (0, g(ζ))

)δ (
P (g−1(0), ζ)
P (0, ζ)

)δ
µδ0,y(dζ).

On the other hand, using (5.1) and Lemma 4.1 we have that

µδx,y(g(E)) = µδg−1(x),y(E)

=
∫
E

(
P (g−1(x), ζ)
P (0, ζ)

)δ
µδ0,y(dζ).

Hence we see that∫
E

(
P (x, g(ζ))
P (0, g(ζ))

)δ (
P (g−1(0), ζ)
P (0, ζ)

)δ
µδ0,y(dζ) =

∫
E

(
P (g−1(x), ζ)
P (0, ζ)

)δ
µδ0,y(dζ)

for all x ∈ Bn, g ∈ G, and measurable E ⊂ L(G).
Since E was an arbitrary measurable subset of L(G) we conclude that, for fixed

x ∈ Bn and fixed g ∈ G, we have(
1− |x|2
|x− g(ζ)|2

)δ (1− |g−1(0)|2
|g−1(0)− ζ|2

)δ
=
(

1− |g−1(x)|2
|g−1(x) − ζ|2

)δ
for µδ0,y-almost every ζ ∈ L(G). Let {xk | k ∈ N} be a countably dense subset of
Bn. Then there exists a set N ⊂ L(G) with µδ0,y(N) = 0 such that

(5.3)
(

1− |xk|2
|xk − g(ζ)|2

)δ (1− |g−1(0)|2
|g−1(0)− ζ|2

)δ
=
(

1− |g−1(xk)|2
|g−1(xk)− ζ|2

)δ
holds for all k ∈ N and all ζ ∈ L(G)rN . Since µδ0,y(L(G)) > 0 by Theorem 4.3, the
set F := L(G) rN has positive µδ0,y-measure. Then (5.3) implies that for ζ ∈ F ,
the quantity

1− |g−1(xk)|2
|g−1(xk)− ζ|2

|xk − g(ζ)|2
1− |xk|2
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is independent of k, and thus by continuity of g and the density of {xk | k ∈ N} in
Bn we conclude that

(5.4)
1− |g−1(x)|2
|g−1(x) − ζ|2

|x− g(ζ)|2
1− |x|2

is constant in x ∈ Bn for each (fixed) ζ ∈ F .
From the facts that µδ0,y(L(G)) > 0, µδ0,y(L(G) r F ) = 0, and (5.1) it follows

that F has infinitely many points. The theorem now follows by applying the lemma
below. �

Lemma 5.2. Let g : Bn → Bn be an orientation-preserving homeomorphism so
that the quantity (

|g(y)− g(ζ)|2
1− |g(y)|2

)
·
(

1− |y|2
|y − ζ|2

)
is independent of y ∈ Bn for each (fixed) ζ ∈ L ⊂ Sn−1, where L has at least n+ 1
points. Then g is a Möbius transformation.

Proof of Lemma 5.2. We will give the proof in the case n = 2 for ease of visualiza-
tion. The general case is an easy modification.

Let g : B2 → B2 be as in the statement of the lemma, and let ζ0 ∈ L. Choose
a Möbius transformation γ preserving the unit ball such that γ(g(0)) = 0, and
γ(g(ζ0)) = ζ0. One can easily show that f := γ ◦ g satisfies the assumptions of the
lemma, and by construction fixes 0 and ζ0. We will show that this implies that
f = id, and hence g = γ−1.

We have that the quantity

|f(y)− f(ζ)|2
1− |f(y)|2

1− |y|2
|y − ζ|2

is independent of y ∈ B2 for each (fixed) ζ ∈ L, where L has at least 3 elements.
Since f(0) = 0 this quantity equals 1 for each y ∈ B2 and each ζ ∈ L. This
implies that the image under f of a horoball of radius r < 1 based at ζ ∈ L is a
horoball based at f(ζ) of the same radius r. In particular, any horoball based at
ζ0 is (setwise) fixed under f .

Now let ζ ∈ L, ζ 6= ζ0. We can conclude that any horoball based at ζ is setwise
preserved under f as well: Let r be the radius of a horoball at ζ. Then there is
a unique horoball of some radius r̃ based at ζ0 that touches the horoball of radius
r based at ζ, and since the former ball is fixed under f and the latter horoball
maps onto a horoball of radius r, using the fact that f is an orientation-preserving
homeomorphism we obtain that f fixes the horoball of radius r at ζ setwise, and
so f(ζ) = ζ.

Thus we conclude that f fixes each ζ ∈ L.
Now let z ∈ B2 be arbitrary. Let ζ1, ζ2, ζ3 ∈ L be three distinct points. Then

the horoballs based at ζ1, ζ2 and ζ3 respectively, that contain z, intersect at exactly
one point: z. Since all these horoballs are setwise preserved under f , the map f
must fix z. �

6. The Local Analysis of the Limit Set

In [5] we show that any discrete QCF group acting on Bn satisfies δ(G) ≤
dimLc(G). We furthermore provide an example of a discrete quasiconformal group
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G acting on H2 that satisfies dimLc(G) < δ(G) and that is quasiconformally con-
jugate to a finitely generated Fuchsian group of the second kind containing a par-
abolic element fixing the point ∞. In this example, the conjugating map is locally
bi-Lipschitz at every x ∈ R but not at∞. Thus, the phenomenon that produces the
strict inequality between the exponent of convergence and the Hausdorff dimension
of the conical limit set is localized around the parabolic fixed point ∞. This ob-
servation prompts us to develop localized versions of the exponent of convergence
and of the Hausdorff dimension.

In this section we define the local exponent of convergence and the local dimen-
sion of the limit set, and we prove some basic properties. In the next section we will
relate these results to Patterson-Sullivan measures associated with a discrete QCF
group and show that their support is contained in the set of limit points where the
local exponent is maximal.

We will study the example mentioned above with respect to these local quantities
in Section 8.

Definition 6.1. Let G be a discrete QCF group acting on Bn. For x ∈ Sn−1 and
r > 0 define

δrx(G) := inf{s > 0 |
∑

g∈G:g(0)∈Bnr (x)

e−sρ(0,g(0)) <∞},

where Bnr (x) is the Euclidean n-dimensional ball of radius r around x ∈ Sn−1 ⊂ Rn.
Furthermore, define the local exponent of convergence of G at x to be

δx(G) := lim
r→0

δrx(G).

Remark 6.2. Note that for r1 < r2 we have Bnr1(x) ⊂ Bnr2(x), and thus δr1x (G) ≤
δr2x (G). Clearly 0 ≤ δx(G) ≤ δ(G), and hence the above limit exists.

We begin our investigation by showing some elementary properties of the local
exponent of convergence. For x ∈ Sn−1 and r > 0 let

Ḃn−1
r (x) := {w ∈ Sn−1 | 0 < |w − x| < r}.

Lemma 6.3. The local exponent of convergence satisfies the following properties:
(1) δx(G) = 0 for x 6∈ L(G).
(2) δ(G) = maxx∈L(G) δx(G).
(3) δx(G) ≥ limr→0 sup{δw(G) |w ∈ Ḃn−1

r (x)} for all x ∈ Sn−1.

We show (Example 8.1) that “>” can occur in 6.3(3).
Complimentary to studying local convergence properties of QCF groups we also

study local properties of limit sets of QCF groups.

Definition 6.4. Let G be a discrete QCF group acting on Bn. For x ∈ Sn−1 ⊂ Rn
define

dimx(L(G)) := lim
r→0

dim(Bnr (x) ∩ L(G)),

where dim denotes the Hausdorff dimension. We call dimx(G) the local dimension
of L(G) at x.

As with the local exponent of convergence we will show some elementary prop-
erties of the local dimension of L(G).

Lemma 6.5. The local dimension of L(G) satisfies the following properties:
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(1) dimx(L(G)) = 0 for x 6∈ L(G);
(2) dim(L(G)) = maxx∈L(G) dimx(L(G));
(3) dimx(L(G)) = limr→0 sup{dimw(L(G)) |w ∈ Ḃn−1

r (x)} for all x ∈ Sn−1.

Note that in (3) of Lemma 6.5 we have equality, whereas in the corresponding
property (3) in Lemma 6.3 we only have “≤”.

Likewise we define the local dimension of the conical limit set of G at x to be

dimx(Lc(G)) := lim
r→0

dim(Br(x) ∩ Lc(G)).

Lemma 6.5 then becomes:

Lemma 6.6. The local dimension of Lc(G) satisfies the following properties:
(1) dimx(Lc(G)) = 0 for x 6∈ Lc(G) = L(G);
(2) dim(Lc(G)) = supx∈Lc(G) dimx(Lc(G)) = maxx∈L(G) dimx(Lc(G));
(3) dimx(Lc(G)) = limr→0 sup{dimw(Lc(G)) |w ∈ Ḃn−1

r (x)}
= limr→0 sup{dimw(Lc(G)) |w ∈ Ḃn−1

r (x) ∩ Lc(G)} for all x ∈ Sn−1.

We can relate the local exponent of convergence with the local dimension of the
conical limit set:

Theorem 6.7. Let G be a discrete QCF group acting on Bn. Then for every
x ∈ Sn−1 we have that dimx(Lc(G)) ≤ δx(G).

Combining Theorem 6.7, Lemma 6.3 and Lemma 6.6 we establish a local proof
of Theorem 2.7 in [5]:

Theorem 6.8. Let G be a discrete QCF group acting on Bn. Then dim(Lc(G)) ≤
δ(G).

We will see (Example 8.1) that “<” can occur in this theorem.
In the setting of discrete Möbius groups, considering the local exponent of con-

vergence and the local Hausdorff dimension results in a basic fact from Patterson-
Sullivan theory.

Theorem 6.9. Let Γ be a Fuchsian group acting on Bn, i.e., Γ is a discrete group
of Möbius transformation each of which keeps Bn invariant. Then

(1) δx(Γ) = δ(Γ) for all x ∈ L(Γ);
(2) dimx(L(Γ)) = dim(L(Γ)) for all x ∈ L(Γ);
(3) dimx(Lc(Γ)) = dim(Lc(Γ)) for all x ∈ L(Γ);
(4) if Γ is non-elementary, then dimx(Lc(Γ)) = δx(Γ) for all x ∈ L(Γ).

Although we use arguments involving the hyperbolic metric, of course QCF
groups (non-Kleinian) do not act isometrically on Bn. However, each element and
its inverse are almost everywhere differentiable on Sn−1, and this implies that each
element is almost everywhere a local bi-Lipschitz mapping (with respect to the
Euclidean metric). The usefulness of the local exponent of convergence and the
local Hausdorff dimension are that they are bi-Lipschitz invariants.

Theorem 6.10. Let G be a discrete QCF group acting on Bn, and let ϕ : Bn → Bn
be a quasiconformal homeomorphism preserving Bn. Define G̃ := ϕ ◦ G ◦ ϕ−1.
Suppose there exists w ∈ Sn−1 and r > 0, L > 0 such that

1
L
|x− y| ≤ |ϕ(x) − ϕ(y)| ≤ L|x− y|

for all x, y ∈ Br(w) ∩ Sn−1. Then:
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(1) δϕ(w)(G̃) = δw(G);
(2) dimϕ(w)(L(G̃)) = dimw(L(G));
(3) dimϕ(w)(Lc(G̃)) = dimw(Lc(G)).

We now prove the above lemmas and theorems.

Proof of Lemma 6.3. (1) If x ∈ Sn−1 r L(G), then there exists R > 0 such
that only finitely many points of the orbit of 0 under G lie in BnR(x). Hence
δx(G) = 0.

(2) We write δ = δ(G). If δ = 0, then there is nothing to show. Thus we
can assume that δ > 0 (e.g., G is non-elementary). By the compactness of
Sn−1, for every ε > 0, there exists a point x(ε) ∈ Sn−1 such that∑

g∈G:g(0)∈Bnr (x(ε))

e−(δ−ε)ρ(0,g(0)) =∞ for all r > 0.

Let xk := x(1/k). By choosing a subsequence we can assume that {xk}
converges to a point x0 ∈ Sn−1. Then x0 has the property that δx0(G) ≥ δ,
and since δx(G) ≤ δ for each x ∈ Sn−1, we have that δx0(G) = δ.

(3) Let x ∈ Sn−1 and assume to the contrary that limr→0 sup{δw(G) |w ∈
Ḃn−1
r (x)} > δx(G). Then there exists a sequence {wj} ⊂ Sn−1 converging

to x, such that limj→∞ δwj (G) > δx(G). Write δ∞ := limj→∞ δwj (G) and
choose ε > 0 such that δ∞ > δx(G) + ε. Let r > 0 be arbitrary. Then for
large enough j, we have wj ∈ Bnr (x) and δwj (G) ≥ δx(G) + ε. Hence for
these j we have

δrx(G) ≥ δwj (G) ≥ δx(G) + ε.

Since ε > 0 was fixed and r > 0 is arbitrary, this is a contradiction as
r → 0.

�

Proof of Lemma 6.5. (1) Let x ∈ Sn−1 r L(G). Then there exists an R > 0
such that Bnr (x) ∩ L(G) = ∅ for all r ≤ R, and so dimx(L(G)) = 0.

(2) By definition we have that dimx(L(G)) ≤ dimL(G) for each x ∈ L(G).
Write d = dimL(G). Using a compactness argument one can show that
there exists a point x0 ∈ L(G) such that

Hd−ε(Bnr (x0) ∩ L(G)) =∞ for all ε > 0 and r > 0,

where Hs denotes s-dimensional Hausdorff measure. But this implies that
dimx0(L(G)) ≥ d, and using the fact that dimx0(L(G)) ≤ d for each x ∈
Sn−1, we conclude that dimx0(L(G)) = d.

(3) Let x ∈ Sn−1.
(i) We first show that

dimx(L(G)) ≥ lim
r→0

sup{dimw(L(G)) |w ∈ Ḃn−1
r (x)}.

Suppose, to the contrary, that this is not true. Then there exists a sequence
{wj} ⊂ Sn−1 converging to x such that d∞ := limj→∞ dimwj (L(G)) >
dimx(L(G)). Choose ε > 0 such that d∞ > dimx(L(G)) + ε. But then
arbitrarily close to x the local dimension of L(G) is at least dimx(L(G))+ε,
and this is a contradiction.
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(ii) Next we show that

dimx(L(G)) ≤ lim
r→0

sup{dimw(L(G)) |w ∈ Ḃn−1
r (x)}.

If dimx(L(G)) = 0, then there is nothing to show. Hence we may assume
that dimx(L(G)) > 0, in particular, x ∈ L(G). We will show that for every
ε > 0 and every δ > 0 there exists

(6.1) w ∈ (Ḃn−1
δ (x) ∩ L(G)) such that dimw(L(G)) ≥ dimx(L(G)) − ε.

This will then imply the claim.
Suppose to the contrary that (6.1) is not true. Then there exist ε > 0

and δ > 0 such that dimw(L(G)) < dimx(L(G)) − ε for all w ∈ Ḃn−1
δ (x) ∩

L(G). Then for each w ∈ Ḃn−1
δ (x) ∩ L(G) there exists r(w) > 0 such that

dim(Bnr(w)(w) ∩ L(G)) ≤ dimx(L(G)) − ε/2. Let s := dimx(L(G)) − ε/4.
Then using the fact that Rn is second countable we can find a countable
collection of balls Bnr(w)(w) that cover Ḃn−1

δ (x) ∩ L(G), each of which has
Hs-measure 0. But this implies dimx(L(G)) ≤ s, a contradiction. �

Since the proof of Lemma 6.6 is a minor modification of the proof of Lemma 6.5,
we will not give the details here.

Next we show that the local dimension of the conical limit set is bounded above
by the local exponent of convergence.

Proof of Theorem 6.7. If x 6∈ L(G), then δx(G) = dimx(Lc(G)) = 0 by Lem-
mas 6.3 and 6.6. Thus we only have to consider the case where x ∈ L(G). In
fact, it suffices to prove the lemma in the case where x ∈ Lc(G). By using part (3)
of Lemmas 6.6 and 6.3, and the fact that L(G) is the closure of Lc(G), we then
conclude that the claim also holds for x ∈ L(G).

Let x ∈ Lc(G). We will show that dimx(Lc(G)) ≤ δrx(G) for each r > 0.
For M > 0 and g ∈ G, let BMg be the n-dimensional Euclidean ball centered at
g(0)
|g(0)| ∈ Sn−1 and of radius M(1− |g(0)|). Define

ErM (x) := {w ∈ Bnr (x) |w ∈ BMg for infinitely many g ∈ G}.

Then, since G acts discontinuously on Bn, we have that ErM (x) ⊂ Sn−1, and fur-
thermore, one easily sees that Lc(G) ∩Br(x) =

⋃
M>0 E

r
M (x).

Observe that {g ∈ G | diam(BMg ) ≥ t} is finite for any t > 0. Furthermore, if
w ∈ BMg ∩Bnr (x) and diamBMg < 2M

M+1r, then by the triangle inequality, |g(0)−x| <
2r. Thus, if w ∈ ErM (x), then w ∈ Bnr (x) ∩BMg for infinitely many g ∈ G, and so
|g(0)− x| < 2r for all but finitely many of these g. This implies that

{BMg | diamBMg < t and g(0) ∈ Bn2r(x)}

is a cover of ErM (x) for any t > 0. Using this cover we will show that dimErM (x) ≤
δ2r
x (G) + ε for arbitrary ε > 0.

Let ε > 0 and define s := δ2r
x (G) + ε. Then∑

g∈G:g(0)∈Bn2r(x)

(1− |g(0)|)s <∞, and so
∑

g∈G:g(0)∈Bn2r(x)

(diam(BMg ))s <∞.
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Thus, for any t > 0,

Ht
s(E

r
M (x)) := inf

∑
j

rsj

∣∣∣∣∣ErM (x) ⊂
⋃
r

Bnrj (xj), rj < t


≤

∑
g∈G:g(0)∈Bn2r(x)

diamBMg <t

(diamBMg )s ≤
∑

g∈G:g(0)∈Bn2r(x)

(diamBMg )s.

Since the last expression is independent of t and finite, we obtain that dimErM (x) ≤
s = δ2r

x (G) + ε for arbitrary ε > 0. This gives dimErM (x) ≤ δ2r
x (G), and it follows

that dimx(Lc(G)) ≤ δ2r
x (G) for arbitrary r > 0. �

We now briefly study the Möbius case.

Proof of Theorem 6.9. Let Γ be a non-elementary Fuchsian group acting on Bn.
(1) Let x ∈ L(Γ). Using the invariance of the hyperbolic metric on Bn under

Möbius transformations we first observe that δx(Γ) = δγ(x)(Γ) for all γ ∈ Γ.
Let y ∈ L(Γ) be arbitrary. Then there are γj ∈ Γ such that γj(x) → y as
j →∞. Using Lemma 6.3 we conclude that δy(Γ) ≥ lim supj→∞ δγj(x)(Γ) =
δx(Γ). Interchanging the roles of x and y we also obtain δx(Γ) ≥ δy(Γ),
and we conclude that δx(Γ) is constant for all x ∈ L(Γ). Since δ(Γ) =
maxx∈L(Γ) δx(Γ) by Lemma 6.3 we obtain that δx(Γ) = δ(Γ) for all x ∈
L(Γ).

(2) Let x ∈ L(Γ). Since Hausdorff dimension is preserved under Möbius maps,
we obtain dimx(L(Γ)) = dimγ(x)(L(Γ)) for all γ ∈ Γ. The same argument
as in part (1) shows that dimx(L(Γ)) is constant for all x ∈ L(Γ), and thus
dim(L(Γ)) = dimx(L(Γ)) for all x ∈ L(Γ).

(3) Using the invariance of the conical limit set under any γ ∈ Γ we con-
clude as in part (2) that dimx(Lc(Γ)) = dim(Lc(Γ)) for all x ∈ Lc(Γ).
If x ∈ L(Γ) r Lc(Γ), then dimx(Lc(Γ)) = limr→0 sup{dimw(Lc(Γ)) |w ∈
Ḃn−1
r (x)∩Lc(Γ)} by Lemma 6.6. Hence the result extends to all x ∈ L(Γ).

(4) It is a result in the theory of Kleinian groups (see, e.g., [3]) that δ(Γ) =
dim(Lc(Γ)) for every non-elementary Kleinian group. Using parts (1) and
(3), the desired result follows. �

To finish this section we show that the local dimension and exponent are invariant
under locally bi-Lipschitz maps.

Proof of Theorem 6.10. In the case where w ∈ Sn−1 rL(G) we have that δw(G) =
δϕ(w)(G̃) = 0, and so there is nothing to show; similarly for the Hausdorff dimension
results. Thus we may now assume that w ∈ L(G).

It is more convenient to work in the upper half space model. So by conjugating
with a Möbius transformation, we may assume that G is a discrete quasiconformal
group that preserves Hn, ϕ is a quasiconformal map that preserves Hn, and ϕ is
locally bi-Lipschitz at w = 0.

By furthermore postcomposing ϕ with a Möbius transformation, we may also
assume that ϕ(0) = 0 and ϕ(∞) =∞.

We first prove (1). Define ψ : Hn → Hn by

ψ(x+ ten) := ϕ(x) + en ·max
{
|ϕ(y)− ϕ(x)|

∣∣∣ y ∈ Rn−1, |y − x| = t
}
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for x ∈ Rn−1 ⊂ Rn and t > 0 (here, en denotes the nth unit vector in Rn). Then
for any z ∈ Hn we have ρ(ϕ(z), ψ(z)) ≤ C(n,K), where C(n,K) depends only on n
and the quasiconformal dilatation K of ϕ, but not on ϕ itself or z (see, for example,
[27] together with Lemma 3.1 in [5]). Furthermore, by the bi-Lipschitz assumption,
we have that t/L ≤ |ϕ(y)−ϕ(x)| ≤ Lt for all x, y ∈ Br(0)∩Rn−1 with |x− y| = t.
Hence

ρ(ϕ(x + ten), ϕ(x) + ten) ≤ C(n,K) + logL =: C

for all x ∈ Br/2(0) ∩ Rn−1 and t < r/2. For such x and t we have

ρ(en, ϕ(x+ ten)) ≤ ρ(en, en + ϕ(x)) + ρ(ϕ(x) + en, ϕ(x) + ten) + C

≤ ρ(en, en +
Lr

2
e1) + ρ(en, ten) + C.

In the same way we obtain ρ(en, ten) ≤ ρ(en, ϕ(x + ten)) + C̃ for some constant
C̃ that only depends on L, r, n,K, so that ρ(en, ϕ(x + ten)) ∼ ρ(en, ten) for all
x ∈ Br/2(0) ∩ Rn−1 and t < r/2. This implies δ0(ϕGϕ−1) = δ0(G).

For the proofs of parts (2) and (3) observe that ϕ(L(G)) = L(G̃), ϕ(Lc(G)) =
Lc(G̃), and the Hausdorff dimension is invariant under bi-Lipschitz maps; hence
the local Hausdorff dimension is invariant under locally bi-Lipschitz maps. �

7. The Support of Patterson-Sullivan Measures

Let G be a discrete QCF group acting on Bn, and let δ = δ(G). We have seen
in the construction of the Patterson-Sullivan measure µδx,y (for x, y ∈ Bn) that this
measure is supported on the limit set L(G). Using the local exponent of convergence
as defined in Section 6, we can be more precise. Recall that, for any measure µ on
Sn−1, its support supp(µ) is defined as the smallest closed set F in Sn−1 such that
µ(E) = 0 for any measurable set E ⊂ Sn−1 r F .

Theorem 7.1. Let G be a discrete QCF group acting on Bn, and δ its exponent
of convergence. For any x, y ∈ Bn we then have that

supp(µδx,y) ⊂ {ζ ∈ Sn−1 | δζ(G) = δ}.

Proof of Theorem 7.1. Observe first that F := {ζ ∈ Sn−1 | δζ(G) = δ} is a closed
set. For if ζk ∈ F and ζk → ζ, then δζ(G) ≥ lim supk→∞ δζk(G) = δ by Lemma 6.3.
Since, on the other hand, δζ(G) ≤ δ, we conclude that ζ ∈ F .

Let x, y ∈ Bn and let µδx,y be the weak limit of the measures µskx,y for some
sequence sk → δ+.

For j ∈ N, define Uj := {z ∈ Bn | dist(z, F ) > 1
j }. Then Uj is relatively open in

Bn, and hence by the weak convergence of the measures,

µδx,y(Uj) ≤ lim inf
k→∞

µskx,y(Uj).

Let dj := sup{δz(G) | z ∈ U2j ∩ Sn−1}. Then dj < δ since U2j ∩ Sn−1 ∩ F = ∅. We
will show that for each j we have µskx,y(Uj)→ 0 as k →∞. First we note that

µskx,y(Uj) ≤
1

Σ∗(sk, y, y)

∑
g∈G:g(y)∈Uj

e−δρ(x,g(y))h(eρ(x,g(y))).
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Next, observe that by compactness of Uj we can find finitely many z1, . . . , zm ∈ Uj
such that Uj ⊂ B1/(2j)(z1) ∪ . . . ∪ B1/(2j)(zm). But for each such zl we have
δ

1/(2j)
zl (G) ≤ dj < δ, and hence we conclude∑

g∈G:g(y)∈Uj

e−δρ(x,g(y))h(eρ(x,g(y))) <∞.

On the other hand, we have Σ∗(sk, y, y)→ ∞ as k → ∞, so that µskx,y(Uj) → 0 as
k →∞. Hence µx,y(Uj) = 0 for all j, and so µx,y(Sn−1 r F ) = 0. �

8. Atoms for Patterson-Sullivan Measures

We are now ready to construct examples. The fundamental relationship between
the exponent of convergence and the Hausdorff dimension is that the exponent of
convergence is an upper bound for the dimension of the conical limit set (Theo-
rem 3.8). Our first example shows that the exponent of convergence of a discrete
QCF group can be strictly larger than the dimension of the group’s conical limit
set, as opposed to in the Kleinian case. The example furthermore shows that the
local exponent of convergence can be strictly larger at a point than the supremum
over the local exponents of convergence in a neighborhood of that point (compare
(3) in Lemma 6.3).

Example 8.1. There exists a discrete QCF group G acting on B2 such that δx0(G)
> sup{δw(G) |w ∈ L(G) r {x0}} for some x0 ∈ L(G). Furthermore, dimLc(G) <
δ(G), and for all x, y ∈ B2 the Patterson-Sullivan measure µδx,y has an atom at x0.

Construction. It will be more convenient to work in the upper half-space model
H2. Let Γ be a Fuchsian group acting on H2 which contains a parabolic element
with fixed point at ∞, and which furthermore satisfies δ(Γ) < 1. We can assume,
by conjugation, that γ(z) = z + 1 is a generator of Γ. Choose K > 1 so large that
K
K+1 > δ(Γ), and define ϕ : R2 → R2 by

ϕ(z) :=

{
z if |z| ≤ 1,
|z| 1

K−1z if |z| > 1.

Let G = ϕ ◦ Γ ◦ ϕ−1. One easily verifies that, for n ∈ Z, we have

ρ(i, ϕγnϕ−1(i)) = ρ(i, ϕ(i+ n)) ∼ log(|n| 1
K+1),

where “∼” means that the two quantities only differ by an additive constant which
is bounded independently of n, and i = (0, 1) ∈ R2. Hence

δ∞(G) ≥ δ∞(〈ϕγϕ−1〉) =
K

K + 1
> δ(Γ).

On the other hand, ϕ is locally bi-Lipschitz at every x ∈ R (but not at ∞) and
so δx(Γ) = δϕ(x)(G) for every x ∈ R (Theorem 6.10). Using Theorem 6.9 we
thus obtain δw(G) = δ(Γ) for every w ∈ L(G) r {∞}. Furthermore we have
dimx(Lc(Γ)) = dimϕ(x)(Lc(G)) for every x ∈ R; hence dimw(Lc(G)) = dim(Lc(Γ)
for all w ∈ L(G) r {∞}. Using Lemma 6.6(2) we conclude that dim∞(Lc(G)) =
dim(Lc(Γ) as well, so that

dim(Lc(G)) = dim(Lc(Γ).
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On the other hand,

δ(G) = δ∞(G) > δw(G) = δ(Γ) = dim(Lc(Γ) = dim(Lc(G))

for all w ∈ L(G)r {∞}.
Finally, using Theorem 7.1 we find that for any x, y ∈ H2, the Patterson-Sullivan

measure µδx,y is supported on the set {∞}, and so it has an atom at ∞.

Remark 8.1. If Γ is a finitely generated Fuchsian group acting on B2 with non-empty
regular set, then δ(Γ) < 1.

In the above example, the atom is a parabolic fixed point. One can modify the
example as follows, so that the Patterson-Sullivan measure has an atom on a conical
limit point.

Example 8.2. There exists a discrete QCF group G acting on B2, such that
δx(G) < δ(G) for all x ∈ L(G) r {x0}. Furthermore δx0(G) = δ(G), where x0 is a
conical limit point of G.

We will use two auxiliary results in order to construct the group in the example.
The proofs of these results are straightforward and we will only give their outlines.

Throughout the remainder of this section, for any K ≥ 1, we will denote by
ϕK : R2 → R2 the radial quasiconformal mapping given by

ϕK(z) := |z| 1
K−1z.

Proposition 8.2. Let G be a discrete quasiconformal group acting on H2 with
0 ∈ L(G), and let β ∈ Möb(H2). For arbitrary R > 0 define τ ∈ Möb(H2) by
τ(x) := Rx+ β(0), and set ϕ̂K := τϕKτ

−1. Then

δ0(ϕKGϕ−1
K ) = δβ(0)(ϕ̂kβGβ−1ϕ̂−1

K ).

Proof of Proposition 8.2. It is easy to see that for a discrete quasiconformal group
G acting on H2 and any x ∈ R, one can compute the local exponent of convergence
at x by

δx(G) = lim
r→0

inf{s > 0 |
∑

g(i)∈Br(x)

(Im g(i))s <∞}.

The key part in proving the proposition then consists in showing that if α is a
Möbius transformation of H2 that keeps 0 invariant, then

(8.1) δ0(ϕKGϕ−1
K ) = δ0(ϕKαGα−1ϕ−1

K ).

This is shown by observing that α(z) ≈ cz for z near 0, where c = α′(0) > 0. Hence

ϕKα(z) ≈ c1/KϕK(z) for z near 0,

and so Im(ϕKα(z)) ≈ c1/K Im(ϕK(z)), and this proves (8.1). �

Lemma 8.3. Let Γ be a non-elementary Fuchsian group acting on H2 with 0 ∈
L(Γ). If there exists K0 > 1 such that δ0(ϕK0Γϕ−1

K0
) > δ0(Γ), then for any K > K0

we have

δ0(ϕKΓϕ−1
K ) > δ0(ϕK0Γϕ−1

K0
).
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Proof of Lemma 8.3. Write GK := ϕK ◦ Γ ◦ ϕ−1
K . Let s := 1

2 (δ0(Γ) + δ0(GK0)) >
δ0(Γ), and choose ε0 > 0 arbitrary such that δ0(Γ) < s < s+ ε0 < δ0(GK0). Then,
for all r > 0,∑

γ∈Γ:γ(i)∈Br(0)

(Im γ(i))s <∞ and
∑

γ∈Γ:γ(i)∈Br(0)

(ImϕK0(γ(i)))s+ε0 =∞.

Setting

M ε0
r := {γ ∈ Γ | γ(i) ∈ Br(0) and (ImϕK0(γ(i)))s+ε0 ≥ (Im γ(i))s},

we conclude that M ε0
r is an infinite set, and furthermore∑

γ∈Mε0
r

(ImϕK0(γ(i)))s+ε0 =∞ and
∑

γ∈Γ:γ(i)∈Br(0),γ 6∈Mε0
r

(ImϕK0(γ(i)))s+ε0 <∞.

Writing γ(i) = ρeiθ, 0 < θ < π, for γ ∈M ε0
r , one obtains

(8.2) sin θ ≥ ρ(s(K0−1)−ε0)/(K0ε0),

and from the theory of quasiconformal mappings it follows that δ0(GK0) ≤ K0δ0(Γ),
so that the exponent of ρ in (8.2) is positive.

Let K > K0. One can now show that there exists ε > 0, independent of r and
ε0, such that

(ρ1/K0 sin θ)s+ε0 ≤ (ρ1/K sin θ)s+ε0+ε

for all γ ∈ M ε0
r , and hence

∑
γ∈Mε0

r
(ImϕK(γ(i)))s+ε0+ε = ∞. (In fact, one can

choose

ε = s
K −K0

K[ δ0(GK0 )+δ0(Γ)

δ0(GK0)−δ0(Γ) (K0 − 1)− 1] +K0

.)

This implies that δ0(GK) ≥ s+ε0 +ε, where ε > 0 is independent of ε0. But ε0 was
chosen arbitrarily with s+ε0 < δ0(GK0), and we obtain δ0(GK) ≥ δ0(GK0)+ε. �

We are now ready to outline the construction of the group G in example 8.2.

Construction. Let Γ be a non-elementary, finitely generated Fuchsian group acting
on H2 that contains a parabolic element, and that satisfies δ(Γ) < 1. Choose
∞ 6= x0 ∈ Lc(Γ) and furthermore let w0 ∈ L(Γ) be a parabolic fixed point. Choose
γn ∈ Γ such that ∞ 6= wn := γn(w0)→ x0. Choose K > 2 such that K

K+1 > δ(Γ),
and set Kn := K−1/n. Inductively, we now choose radii rn > 0 such that the disks
{B2rn(wn)} are mutually disjoint, and furthermore satisfy

∑
r
δ(Γ)/Kn
n < 1. Then

we define the mapping ϕ that conjugates Γ to the desired quasiconformal group G
as follows:

ϕ(z) =

rnϕKn
(
z − wn
rn

)
+ wn if z ∈ Brn(wn),

z otherwise .

One easily verifies that ϕ is indeed a K-quasiconformal mapping. Now let G =
ϕΓϕ−1. Then L(G) = ϕ(L(Γ)), and for any ε > 0, the mapping ϕ has a uniformly
bounded derivative on Rr

⋃
Bεrn(wn). Since furthermore

∑
r
δ(Γ)/Kn
n < 1, one can
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show that dimL(G) = dimL(Γ). As in Example 8.1 and using Lemma 6.3, one
furthermore sees that

δwn(G) ≥ Kn

Kn + 1
for all n,

δx0(G) ≥ lim sup
n→∞

δwn(G) and

δx(G) = δ(Γ) for all other x ∈ L(G).

Using Proposition 8.2 and Lemma 8.3 we now obtain that δwn+1(G) > δwn(G) >
δ(Γ) for large enough n, so that δx0(G) > δx(G) for all x ∈ L(G)r {x0}.

9. Quasi-invariance

We have seen that, in general, the exponent of convergence of a discrete QCF
group is not equal to the Hausdorff dimension of its conical limit set.

In this section we provide a sufficient condition on the behavior of Patterson-
Sullivan measure under the action of the group so that the Hausdorff dimension of
the conical limit set does equal the exponent of convergence.

We first fix some notation. Let G be a discrete QCF group acting on Bn. For
a point ζ ∈ Sn−1 and a base point x ∈ Bn let hζ,x(t) ∈ Bn denote the point at
hyperbolic distance t from x on the directed geodesic from x to ζ. Furthermore, let
σζ,x(t) := min{ρ(hζ,x(t), g(x)) | g ∈ G} be the distance of hζ,x(t) to the orbit of x.
We can now formulate the main theorem of this section.

Theorem 9.1. Let G be a discrete QCF group on Bn such that for fixed x ∈ Bn
there exists a constant Cx <∞ so that σζ,x(t) < Cx for all ζ ∈ L(G) and all t > 0.
Assume furthermore that there exists a constant A > 0 such that

µδg−1(x),y ≤ A · g ∗ µδx,y(9.1)

for all x, y ∈ Bn and all g ∈ G.
Then δz(G) = dimz L(G) = δ(G) = dimL(G) for all z ∈ L(G).

Remark 9.2.

• The first condition above means that the limit points of G are uniformly
conical. In [4] we show that this condition is satisfied, for example, in the
case of a discrete QCF group with purely conical limit set.
• If G satisfies (9.1), then it necessarily satisfies

1
A
· g ∗ µδx,y ≤ µδg−1(x),y ≤ A · g ∗ µδx,y

for all x, y ∈ Bn and all g ∈ G.

Examples for QCF groups which satisfy the assumptions of the above theorem
are given by the following result.

Theorem 9.3. Let Γ be a convex-compact Kleinian group acting on Hn, and let
ϕ : Rn−1 → Rn−1 be a bi-Lipschitz boundary mapping with ϕ(∞) = ∞. Let ϕ
also denote a quasiconformal extension of this boundary mapping to Hn, and define
G := ϕΓϕ−1. Then G satisfies the assumptions of Theorem 9.1.

We need two geometric facts in the proof of Theorem 9.1:
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Lemma 9.4. Let z ∈ Bn and let C0 ≥ 1 be a constant. Then there exist constants
0 < C < 1 and ρ0 > 0 depending only on z and C0 such that the following is true:
For any w ∈ Bn with ρ(z, w) ≥ ρ0, let ζ0 ∈ Sn−1 be the endpoint of the directed
hyperbolic ray starting at z and going through w. Then

Ceρ(z,w) ≤ P (w, ζ)
P (z, ζ)

≤ eρ(z,w)

for any ζ ∈ BC0e−ρ(w0 ,z)(ζ0) ∩ Sn−1.

Lemma 9.5. For every ε > 0 there exist constants C0 ≥ 1 and ρ0 > 0 such that
the following is true: Let z ∈ Bn and ζ0 ∈ Sn−1. If w ∈ Bn with ρ(z, w) ≥ ρ0,
and w has hyperbolic distance at most ε from the hyperbolic ray starting at z and
ending at ζ0, then

BC0e−ρ(z,w)(ζ) ⊃ Be−ρ(z,w)(ζ0),

where ζ is the endpoint of the directed hyperbolic ray starting at z and going through
w.

Since the proofs of these lemmas are straightforward, we omit them.

Proof of Theorem 9.1. Fix x, y ∈ Bn. By assumption, there exists a constant Cx >
0 such that each point on any hyperbolic ray starting at x and ending at a point
ζ ∈ L(G) has at most hyperbolic distance Cx from the orbit of x. Following
Lemma 9.5, there exist constants C0 ≥ 1 and ρ̃0 > 0 depending only on Cx such that
the following is true: For any ζ0 ∈ L(G), and any g ∈ G such that ρ(x, g(x)) ≥ ρ̃0,
and such that the hyperbolic distance between g(x) and the hyperbolic ray from x
to ζ0 is at most Cx, we have

(9.2) BC0e−ρ(x,g(x)) (ζ) ⊃ Be−ρ(x,g(x)) (ζ0)

where ζ is the endpoint of the directed hyperbolic ray starting at x and passing
through g(x).

By Lemma 9.4, there now exist constants 0 < C < 1 and ρ0 > ρ̃0 depending
only on C0 and x such that

(9.3) Ceρ(x,g(x)) ≤ P (g(x), ζ)
P (x, ζ)

≤ eρ(x,g(x))

for all g ∈ G that satisfy ρ(x, g(x)) ≥ ρ0 and all ζ ∈ BC0e−ρ(x,g(x)) (ζ0)∩Sn−1, where
ζ0 is the endpoint of the directed hyperbolic ray starting at x and passing through
g(x).

Now let g ∈ G with ρ(x, g(x)) ≥ ρ0. Set rg = ρ(x, g(x)), and let ζg be the
endpoint of the directed hyperbolic ray starting at x and passing through g(x).
Using Lemma 4.1 and (9.3) we obtain that

µδg(x),y(BC0rg(ζg)) =
∫
BC0rg (ζg)

(
P (g(x), ζ)
P (x, ζ)

)δ
µδx,y(dζ)

≥ Cδeδρ(x,g(x))µδx,y(BC0rg(ζg)) = Cδ0C
δ
µδx,y(BC0rg (ζg))

(C0rg)δ
.
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Using assumption (9.1) we conclude from this that

µδx,y(BC0rg(ζg))
(C0rg)δ

≤ (C0C)−δAµδx,y(g−1(BC0rg (ζg)))(9.4)

≤ (C0C)−δAµδx,y(Sn−1) =: C̃.

Next we show that there exists a constant D <∞ so that

(9.5)
µx,y(Br(ζ))

rδ
≤ D

holds for all ζ ∈ L(G) and all sufficiently small r > 0.
Let ζ ∈ L(G). Inductively, using the assumption that σζ,x(t) < Cx for all ζ ∈

L(G) and all t > 0, we can choose gi ∈ G for i = 0, 1, 2, . . . such that ρ(x, g0(x)) ≤
ρ0 + 2Cx, ρ(x, gi(x)) ≥ ρ0 for all i, and furthermore gi(x)→ ζ, ρ(gi(x), gx,ζ) ≤ Cx,
and ρ(gi(x), gi+1(x)) ≤ 5Cx.

For each i ∈ N, let ζi be the endpoint of the directed hyperbolic ray from x
through gi(x), and let ri = e−ρ(x,gi(x)). Using (9.2) and (9.4) we obtain that

µδx,y(Bri(ζ))
rδi

≤
µδx,y(BC0ri(ζi))

(C0ri)δ
Cδ0 ≤ C̃Cδ0 .

Now let 0 < r < e−ρ0−2Cx =: r∗ be arbitrary. Since r∗ ≤ r0, there exists i ∈ N
such that ri+1 ≤ r < ri, and so

µδx,y(Br(ζ))
rδ

≤
µδx,y(Bri(ζ))

rδi

rδi
rδi+1

≤ C̃Cδ0eδ5Cx =: D

and this shows that (9.5) holds.
Inequality (9.5) now enables us to show that the Hausdorff dimension of G’s

limit set is at least δ: let
⋃
Bi be any covering of L(G) with balls centered on L(G)

of radius si ≤ r∗. Then∑
i

sδi ≥ D
∑
i

µδx,y(Bi) ≥ Dµδx,y(
⋃
Bi) ≥ Dµδx,y(L(G)).

Since µδx,y(L(G)) > 0, we conclude that the Hausdorff δ-measure of L(G) is non-
zero, and hence the Hausdorff dimension of L(G) must be at least δ. Since, on the
other hand, dimL(G) ≤ δ(G) by Theorem 3.8, we have equality of dimL(G) and
δ(G).

To see that δz(G) = δ(G) for all z ∈ L(G), assume that this were not the
case. Then, using (3) of Lemma 6.3 we find z ∈ L(G) and r > 0 such that
δw(G) < δ(G) for all w ∈ Br(z). Now Theorem 7.1 implies that µδx,y(Br(z)) = 0.
Choose g1, g2 ∈ G such that g1(Br(z))∪g2(Br(z)) ⊃ L(G). Using assumption (9.1)
we obtain for i = 1, 2 that µδgi(x),y(gi(Br(z))) = 0, and since µδgi(x),y and µδx,y are
mutually absolutely continuous we conclude that µδx,y(gi(Br(z))) = 0. But this
implies that µδx,y(L(G)) = 0, a contradiction.

Finally, the same argument that was used to show that the Hausdorff dimension
of L(G) is at least δ can be used to show that the Hausdorff δ-measure of L(G) ∩
Br(ζ) is bounded below by a constant times µδx,y(L(G)∩Br(ζ)), and this shows that
µδx,y is absolutely continuous with respect to the δ-dimensional Hausdorff measure
on L(G). As above, using the assumption (9.1), one sees that µδx,y(L(G)∩Br(ζ)) >
0, and this implies that dimL(G) ∩ Br(ζ) ≥ δ for all ζ ∈ L(G) and all r > 0.
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Hence dimζ(L(G)) ≥ δ(G) = δζ(G). Since, on the other hand, dimζ(L(G)) ≤
dim(L(G)) = δ(G), we obtain equality of all these quantities. �

We now show that Theorem 9.1 is not vacuously satisfied in the class of discrete
QCF groups. The key geometric idea shown in the proof of this theorem is that
any quasiconformal extension to Hn of a bi-Lipschitz mapping on Rn−1 is a (1, C)
pseudo-isometry with respect to the hyperbolic metric.

Proof of Theorem 9.3. Observe that every bi-Lipschitz map is quasiconformal,
where the dilatation only depends on the Lipschitz constant and on the dimension
n. Thus ϕ is quasiconformal on Rn−1 and can be extended to a quasiconformal
mapping of Hn whose dilatation only depends on its Lipschitz constant L and on
the dimension n (we could have chosen any quasiconformal extension here). By
abuse of notation we denote the extension by ϕ again.

Recall that δ(G) = δ(Γ) by Theorem 6.10.
We first show that there exists a constant D = D(L, n) > 0 such that for all

z, w ∈ Hn we have

(9.6) |ρ(ϕ(z), ϕ(w)) − ρ(z, w)| ≤ D.

As in the proof of Theorem 6.10, we define a map ψ : Hn → Hn by

ψ(x+ ten) := ϕ(x) + en ·max
{
|ϕ(y)− ϕ(x)|

∣∣∣ y ∈ Rn−1, |y − x| = t
}

for x ∈ Rn−1 ⊂ Rn and t > 0. Then for any z ∈ Hn we have ρ(ϕ(z), ψ(z)) ≤
C(n,L), where C(n,L) depends only on n and L and not on ϕ or z. As in the
proof of Theorem 6.10 we conclude that for all x ∈ Rn−1 and t > 0,

ρ(ϕ(x+ ten), ϕ(x) + ten) ≤ C(n,L) + logL =: C̃.

Now let z1 = x1 + t1en and z2 = x2 + t2en, where x1, x2 ∈ Rn−1 and t1, t2 > 0.
Then ρ(z1, z2) = ρ(x1 − x2 + t1en, t2en) = ρ(|x1 − x2|+ t1en, t2en), and

ρ(ϕ(z1), ϕ(z2)) ≤ ρ(ϕ(x1) + t1en, ϕ(x2) + t2en) + 2C̃

= ρ(|ϕ(x1)− ϕ(x2)|e1 + t1en, t2en) + 2C̃

≤ ρ(L|x1 − x2|e1 + t1en, t2en) + 2C̃.

Using the fact that H2 isometrically embeds in Hn, we can explicitly compute these
quantities and obtain ρ(ϕ(z1), ϕ(z2))−ρ(z1, z2) ≤ 2 logL+2C̃ =: D. Similarly, one
obtains ρ(ϕ(z1), ϕ(z2))− ρ(z1, z2) ≥ −2 logL− 2C̃ = −D, and this shows (9.6).

Now let g = ϕγϕ−1 ∈ G, where γ ∈ Γ. Applying (9.6) to ϕ and ϕ−1 and using
the invariance of the hyperbolic metric under Möbius transformations we obtain
that for any x, y ∈ Hn we have

(9.7) |ρ(g(x), g(y)) − ρ(x, y)| ≤ 2D.

Since Γ is convex co-compact, the series
∑

γ∈Γ e
−sρ(y,γ(y)) diverges at the critical

exponent s = δ for any y ∈ Hn (see [20]). Using (9.7) and the triangle inequality,
one observes that the corresponding series for the group G diverges as well.
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Thus we have for any s > δ, g ∈ G and x, y ∈ Hn:

µsg−1(x),y =
1∑

h∈G e
−sρ(y,h(y))

∑
h∈G

e−sρ(g
−1(x),h(y))δh(y)

≤ 1∑
h∈G e

−sρ(y,h(y))
· e2sD

∑
h∈G

e−sρ(x,gh(y))δg−1gh(y)

= e2sDg ∗ µsx,y.
A similar inequality holds in the other direction so that we obtain

(9.8) e−2δD · µδg−1(x),y ≤ g ∗ µδx,y ≤ e2δD · µδg−1(x),y.

This shows that assumption (9.1) holds for G.
The other assumption in Theorem 9.1 is satisfied for convex co-compact Kleinian

groups and thus also holds for G, since the quasiconformal map ϕ that conjugates
Γ to G can only change a fixed angle by a bounded amount. �

We finish with a conjecture. We have been unable to construct an example
of a discrete QCF group G so that δ(G) < dim(L(G)) and its Patterson-Sullivan
measure is atom-free.

Conjecture 9.6. Let G be a discrete QCF group acting on Bn, so that its resulting
Patterson-Sullivan measures are atom-free. Then δ(G) = dim(L(G)).

Along these lines, we ask: If G is convex co-compact and atom-free, then are the
Patterson-Sullivan measures and the Hausdorff measure at the critical dimension
comparable?
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